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Abstract The spread of infectious diseases can be accurately modeled using differential equations, but these models assume the
contacts between individuals are homogeneous. Network methods, on the other hand, can account for variation of contacts between
individuals. We introduce a new network-based epidemiological modeling algorithm for a susceptible-exposed-infected-treated-
recovered (SEITR) model. The epidemiological parameters of the network model map to the homogeneous ODE model parameter
for comparison. We use a range of simulated rate constants and random network distributions to directly compare the heterogeneous
network-based approach and the homogeneous ODE model. We simulate SEITR models on Erdgs—Renyi, Barabasi—Albert, and
Watts—Strogatz networks with various sizes and connectivities. Among these networks, Watts—Strogatz networks exhibit the largest
deviations from the homogeneous model, highlighting the importance of this network structure in influencing disease dynamics. We
use the same parametric values in the network-based algorithm as in the compartmental ODE model, and find notable differences
for the infectious compartment due to network effects. We demonstrate the utility of this approach on a realistic model of lumpy
skin disease (LSD) transmission dynamics, which can be extended to other infectious diseases. The heterogeneous network-based
SEITR model provides novel insights into LSD transmission, and the network method provides a valuable tool for researchers to
model deviation from the homogeneous assumptions for other viruses.

1 Introduction

Compartmental modeling is an important tool to understand epidemic dynamics and formulate optimal control strategies [1-3].
These mathematical models find widespread application in the study of various diseases such as COVID-19, tuberculosis [1],
dengue [2], malaria [3], HBV disease [4], foot and mouth disease [5], and lumpy skin disease (LSD) [6, 7]. Numerous extended
SIR mathematical models have been proposed in the literature for different epidemic diseases [6—9]. In the work by [6], the authors
introduce a vaccination compartment and define an optimal control problem for LSD dynamics. The implementation of cattle
treatment, along with its limitations, was analyzed in a separate study [7]. Another study extending the SIR model by incorporating
a vaccination compartment and rate, explored the interaction of infectious vectors and cattle as control strategies [9]. The above-
mentioned models, utilize a nonlinear system of differential equations with homogeneous mixing assumptions for the dynamics of
the epidemic [6—8]. Our contribution extends network-based epidemic modeling to susceptible-exposed-infected-treated-recovered
(SEITR), offering a perspective that accounts for complex interactions beyond the homogeneous compartment model approach.
The foundations of epidemiology and early epidemiological models were based on population-wide random mixing [10-13].
However, in practical terms, each individual possesses a finite set of contacts through which they can transmit infection [14, 15].
The collective set of all such contacts constitutes a mixing network [15, 16]. The crucial concern revolves around the presence
of individual relationships in a population [16]. The onset of an outbreak occurs when one or more nodes become infected from
outside the population, termed imported infections. The ultimate size of an outbreak is determined by the number of nodes infected
before transmission is complete. Many S/R mathematical models have been developed with the assistance of networks following the
COVID-19 pandemic [10, 13, 15, 17]. These models utilize random and scale-free networks to analyze the effects of connections,
specifically focusing on the degree distribution of nodes [14, 18]. Many network-based mathematical models for different diseases
are available in the literature [15-17, 19]. Network approaches focus on heterogeneity by considering contact variations among
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individuals or groups within a population in the modeling of the spread of infectious diseases and the demographic property (i.e.,
the presence of birth and death rates).

Our objective is to model the dynamics of LSD outbreak using a SEITR (susceptible-exposed-infected-treatment-recovered) model
with various random networks. The representation of the cattle population takes the form of a graph, where each node signifies
an individual and edges symbolize encounters between them. The state of each individual (node) is categorized as susceptible (S),
exposed (E), infected (I), under-treatment (T), and recovered (R), with the total population (N) being the sum of individuals in all
states. The simulation is executed multiple times, each run depicting a different realization of the disease outbreak. In each run,
disease dynamics unfold over a specified number of time steps. At the initiation of each run, the population graph is primed with a
specified number of individuals in each state; this number can be adjusted for different experiments.

Real social networks do not have a clear structure but may have certain patterns. Therefore, to describe them approximately it is
common practice to use random graph models of complex networks [19]. We experimented with three different types of network
graphs: Erd6s—Rényi, Barabdsi—Albert, and Watts—Strogatz. Each of these networks represents unique topological characteristics
that are often observed in real-world scenarios, making them ideal for this analysis [18, 19]. The Erd6s—Rényi network is a type
of random graph where each edge has an equal probability of being present or absent, independent of the other edges [20]. This
randomness can mirror certain real-world networks where connections are formed independently. The Barabasi—Albert network,
on the other hand, is a scale-free network that follows the principle of preferential attachment. This principle, which is frequently
observed in real-world networks, states that the more connected a node is, the more likely it is to receive new links. Networks such
as the internet, social networks, and protein interactions often exhibit such scale-free properties [21]. Lastly, the Watts—Strogatz
network models the small-world property, a key characteristic of many real-world networks. Small-world networks are characterized
by a high clustering coefficient and small path length, representing networks where nodes are not all directly linked but most can be
reached from each other by a small number of hops or steps [22]. These network structures introduce varying degrees and types of
contact heterogeneity. Erd6s—Rényi networks typically display relatively uniform contact patterns, while Barabasi—Albert networks
exhibit significant degree heterogeneity: few nodes (hubs) have a large number of connections, while the majority have very few.
Watts—Strogatz networks combine local clustering with short average path lengths, introducing structured randomness that can still
support clustered transmission pathways. This heterogeneity influences the spread of the disease throughout the network. In our
simulations, we observed that Watts—Strogatz networks, due to their clustered and rewired edges, deviated most significantly from
the homogeneous compartmental model in terms of infection dynamics. Such deviations underscore the importance of incorporating
topological features when modeling infectious diseases. The selection of these networks is crucial, as it allows for a comprehensive
evaluation of the SEITR model across diverse network structures. It enables us to understand how the model performs under different
conditions and how changes in network structure can impact disease dynamics.

We provide an SEITRNet R library that includes functions for simulation and analysis on GitHub.! To apply the SEITR model,
we create various networks by alternating network types, sizes, and parameters. In addition to these networks, the implementation
considers newborn members, naturally deceased members, and members deceased due to infection. We assign status transitions for
born and deceased nodes based on the parameters of our SEITR model. The manuscript is organized as follows: Sect. 2.1 consists
of the formulation of the homogeneous network models for LSD and associated properties. In Sect. 2.2, we describe the network
SEITR algorithm and compare different experiments on random networks with corresponding homogeneous models. The SEITR
model simulation results are presented in Sect. 3, and the conclusion and future direction are given in Sect. 4.

2 Methods
2.1 Well-posed SEITR mathematical model

Here we describe the homogeneous SEITR model designed for the analysis of lumpy skin disease (LSD). The total population
N(t) is categorized into five distinct groups: susceptible S(¢), exposed E(t), infected I(¢), under-treatment 7'(¢), and recovered
or removed R(?). The susceptible group S(¢#) comprises cattle vulnerable to the virus, capable of falling ill after exposure to an
infectious interaction. The exposed group E(¢) consists of individuals who have contracted the virus but remain asymptomatic and
non-contagious. As the virus establishes itself in an exposed cow, the cow transitions into the infected group I(¢). Cattle infected
with the disease can transmit it to otherwise healthy herds. The under-treatment class 7'(#) encompasses cattle undergoing medical
interventions for LSD, constituting individuals subjected to prompt recovery therapies. The recovered class R(¢) includes cattle
successfully treated or those who have developed natural immunity to the infectious disease. The detailed formulation of this model
can be found in [7], which outlines the system of non-linear differential equations governing these dynamics. The transmission and
translation of the LSD model (Eq. 1) can be seen in Fig. 1.
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I The R library SEITRNet can be accessed at: https://github.com/insilico/SEITRNet.
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with non-negative initial conditions
S0)=3S0>0, EO)=Ey=0,10)=1p=0, T(0)=Tp =0, R(0) = Ro = 0. (1f)

Details of the following theorems can be found in Ref. [7].
Theorem 1 The LSD model (Eq. 1) has a unique solution.

Theorem 2 The solution y(t) = (S(t), E(t), I1(t), T(t), R(t)) of the LSD model (Eq. 1) is positive for all time t > 0 given
nonnegative initial conditions.

Theorem 3 The solution y(t) = (S(t), E(t), I(t), T(t), R(t)) of the LSD model (Eq. 1) is bounded by %

Theorem 4 The LSD model (Eq. 1) is LAS (locally asymptotically stable) and GAS (globally asymptotically stable) at the disease-
free equilibrium point.

Theorem 5 The endemic equilibrium point of model (Eq. 1) is locally and globally asymptotically stable.

The SEITR model uses the following parameters.

e A : Birth or recruitment rate.

e B : Interaction between susceptible and infected cattle.
e f : Translation rate from exposed to infected.

e 33 : Recovery rate of the infected cattle.

e ] : Treatment rate of infected cattle.

as : Recovery rate of under-treatment cattle.

&7 : Death due to LSD in infected cattle.

St : Death due to LSD in under-treatment cattle.

- Natural death rate.

2.2 SEITR network simulation algorithm
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Algorithm 1 Multiple (num_exp) experiments of the network simulation

Require: Network Type, n, n_parl!, n_par2?, A, By, Ba, Bs. 01, &, 87, 87, 1, S, E, I, T, R, N, t, num_exp
1: for each experiment in num_exp experiments do

Create network g with given parameters, e.g., ER, WS or BA
Assign statuses to nodes randomly
for each time step ¢ in the simulation do

Save the current status in S_count, E_count, I_count, T _count, R_count, N_count

for each type of removal (Infection: &; x I_count, Treatment: oy x T_count, natural death: u *N) do

Set nodes_to_remove_count for removal type
Separate nodes_to_remove_count into a floor_value and a fractional_part
if floor_value > 0 then
Remove random floor_value number of nodes
end if
if fractional_part >0 & rand € [0,1) < fractional_part then
Remove an additional random node
end if

end for

nodes_to_add_count = A

Separate nodes_to_add_count into a floor_value and a fractional _part
if floor_value > O then

Add floor_value number of nodes

end if
if fractional_part >0 & rand € [0,1) < fractional _part then

Add an additional node

end if
for each node in g do

Generate a random number rand € [0,1)
if the node is Susceptible and rand < B; I /N then
Change the status to Exposed
else if the node is Exposed and rand < 3, then
Change the status to Infected
else if the node is Infected then
Generate another random number rand?2
if rand < B3 then
Change the status to Recovered
end if
if rand2 < o then
Change the status to Treatment
end if
else if the node is under Treatment and rand < ¢, then
Change the status to Recovered
end if

end for
Count and store the number of nodes in S_count, E_count, I_count, T _count, R_count, N_count

Calculate and store metrics in degree_dist, clustering_coeff, avg_path_length, largest_comp_size
Store the experiment result

45:  end for

46:  Calculate and store the averages of num_exp experiments
47: end for

48: return averages

! For Erdos—Rényi networks, n_parl represents the probability p. For Barabési—Albert networks, n_parl is multiplied by n and
used as the m parameter, which determines the number of edges to attach from a new node to existing nodes. For Watts—Strogatz

networks, n_parl represents the rewiring probability p.

2 This parameter is utilized only for Watts—Strogatz networks, where n_par?2 represents the k parameter, indicating the number of

nearest neighbors each node is initially connected to. It is not used for Erdos—Rényi or Barabési—Albert networks.
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Our network based approach scans connections of each individual based on edges of graph g (Alg 1, line 2) and changes their
state during each simulation time step according to specific rules and probabilities (Alg 1, steps 24-41). These rules capture the
disease transmission process and the recovery process. The transition probabilities for status changes are determined by a set of
parameters, which we introduced in Sect. 2.1 for the homogeneous model. The disease transmission process includes the following
transitions:

e Susceptible individuals can become exposed if they interact with infected or exposed individuals.
Exposed individuals can become infected.

Infected individuals can either go into treatment or recover.

Individuals in treatment can recover.

Recovered individuals remain in the recovered state for the complete cycle.

In addition to these transitions, individuals can also enter or leave the population due to recruitment and death rates. New susceptible
individuals can enter the population at a constant (recruitment) rate (A), and individuals can leave the population due to natural
death (u) or disease-induced deaths (6;) and (§7). New individuals are connected to the existing network by adding edges to the
newly created node. In this step, we considered the network type for adding edges to keep the structure intact through time. The
specific procedures for node addition are outlined below.

e Erdés-Rényi Network: When adding new nodes to an Erd6s—Rényi network, nodes are attached to the existing network through
arandom selection process. In the code, after incrementing the node counter, a new node is added with the status “S” (susceptible)
and labeled according to the current node counter. Then, a number of existing nodes are randomly chosen to connect to the new
node. The number of nodes selected for attachment is determined by the parameter ‘p’, which defines the connection probability.
These edges are added to the graph as long as there is no self-loop. This random attachment process mimics the structure of
Erd6s—Rényi networks, where the edges between nodes are established randomly.

e Barabasi-Albert Network: In a Barabési—Albert network, new nodes are added according to the preferential attachment mecha-
nism. When a new node is added, it is connected to existing nodes based on their degree. The probability of attaching a new node
to an existing node is proportional to the degree of the existing node, meaning nodes with higher degrees (more connections) are
more likely to receive new edges. The code accomplishes this by first calculating the degree of all nodes and then using these
degrees to determine the likelihood of selecting each node for attachment. The number of edges to be added is determined by the
mean degree of the existing network. This preferential attachment mechanism results in a scale-free network, where some nodes
become highly connected (hubs) while most nodes have relatively few connections.

e Watts—Strogatz Network: For the Watts—Strogatz network, the addition of new nodes is somewhat more structured, reflecting
the small-world properties of the network. Initially, the new node is connected to the ‘k‘ nearest neighbors based on shortest path
calculations. This ensures that the local neighborhood structure of the network is preserved. Once the new node is connected to
its nearest neighbors, the edges are rewired with a probability ‘p‘. In the code, this rewiring process involves checking if an edge
should be replaced based on a random number generation. If the condition is met, an existing neighbor of the new node is replaced
with another node from the network, chosen randomly but ensuring that it is not already a neighbor of the new node. This rewiring
simulates the transition from a regular lattice to a small-world network, where the network retains a high degree of clustering but
also has long-range connections that facilitate faster spreading of the infection. These mechanisms for node addition are designed
to reflect the fundamental topological properties of the respective network models, ensuring that each network evolves according
to its characteristic structure. Using these methods, we can observe how the topology of the network affects the disease dynamics
and better understand the interplay between network structure and the spread of infection.

Nodes removed due to natural death are selected randomly from the complete network, the nodes removed due to infection are
selected randomly from nodes with infected status and the nodes removed during treatment are selected randomly from nodes with
treatment status. Individuals in the infected state can transition to the treatment state, and those in the treatment state can eventually
recover. This aspect of the model allows us to explore the effects of interventions such as medical treatment or quarantine on the
course of the outbreak. Adjusting the treatment-related parameters, we can simulate scenarios with varying intervention levels and
observe their effects on disease spread.

The state of the population is recorded at each time step, including the number of individuals in each state and the total population
size. The number of individuals in each state is plotted over time for each run, allowing for a comparison of the disease dynamics
across different runs. These experiments provide a detailed and flexible framework for simulating and analyzing disease outbreaks
in a population. By adjusting the parameters and initial conditions, it can be used to study a wide range of diseases and outbreak
scenarios. An important note here is that when adding new members to the networks (Algorithm 1, steps 16-23), we alter the edge
addition method according to the network types.

Representing the population as a graph enables the incorporation of complex interaction patterns and population heterogeneity,
enabling the study of disease spread in real-world scenarios. Due to the stochastic nature of the graph generation, initial conditions,
and the disease transmission process, simulation results vary between runs. Thus, we run multiple simulations and find the average
population dynamic curves, which we use to compare with the homogeneous model (Eq. 1). Each experiment represents a unique
combination of network topology and model parameters, providing an understanding of disease dynamics under various conditions.
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Fig. 2 Illustration of status changes of nodes over time for an Erd6s—Rényi graph withp = 0.9 and n = 20 according to our network SEITR model with viral
parameters A = 1.1, 81 = 0.8, B = 0.18, B3 = 0.02, 1 = 0.1, @p = 0.055, §; = 0.03, §7 = 0.03, and = 0.01. The nodes are colored according to
their status. The initial network (left) shows that there are 17 susceptible, 1 exposed, and 2 infected nodes in the graph, consisting of 20 nodes named from 1
to 20. As the network evolves, new members join (birth) and some leave (death), resulting in varying nodes at each time step, ultimately reaching a total of
133 nodes-indicating 113 new additions over 100 time steps. The progression illustrates how an infection spreads through a network and how interventions
can help control the spread and eventually eradicate the infection

3 Results
3.1 SEITR model analysis for an Erd6s—Rényi network

To illustrate the network-based SEITR algorithm, we first simulate the dynamic evolution of states on a small Erd6s—Rényi network
with n = 20 nodes (Fig. 2). The simulation begins with an initial configuration of susceptible, exposed, infected, treated, and
recovered individuals. As the simulation progresses, we observe that the infection spreads across the network, with more nodes
transitioning through different states. Initially, many nodes remain susceptible, but as time progresses, more nodes become exposed
and infected. By the 10th time step, several nodes, including nodes 3 and 19, have transitioned to the treated state, and node 18
has recovered, suggesting that intervention measures (e.g., treatment) or natural recovery processes are beginning to attenuate the
infection. The number of treated and recovered nodes continues to rise between the 10th and 20th time steps, while a few nodes
remain in the susceptible, exposed, or infectious states. By the 50th time step, the spread of the infection has been significantly
controlled, with most nodes either treated or recovered, and very few nodes still infectious or exposed. This indicates that the
interventions and natural recovery processes are effectively curbing the infection. By the 100th time step, nearly all nodes have
recovered, and only a small number remain in the treated state, signaling the near eradication of the infection across the network.

To further illustrate the SEITR model’s dynamics, we conduct the experiment on an Erdés—Rényi graph with more nodes
(n = 100) (Fig. 3). For this experiment, the initial conditions are 70 susceptible, 10 infected, and 20 exposed individuals. The
network is generated with a high probability of edge creation (p = 0.85), ensuring a high degree of connectivity within the graph.
The status transitions of nodes are stored for all time steps, and the results were compared with the numerical solution of the
corresponding system of ordinary differential equations (ODEs) given by Eq. 1. The simulation results and the ODE solutions show
a high degree of correspondence across all five statuses (Fig. 3). This simulation shows that the SEITR network model with a high-
connectivity random graph can accurately capture the dynamics of disease transmission and control strategies for the corresponding
homogeneous model.

These experiments model a scenario, such as a farmstead, where each individual is equally likely to interact with others, and the
random graph structure ensures that all nodes have a chance to influence each other. The highly connected nature of this network
facilitates smooth transitions between the states of the nodes, but in real-world networks, such connectivity may not always be
present. The random graph scenario provides a useful baseline calibration, but it is important to consider how different network
structures could affect disease dynamics and intervention strategies in more realistic settings.

3.2 SEITR model analysis for multiple network types

To characterize the effect of network structure on disease dynamics, we apply the SEITR model to three distinct types of networks:
Erd6s—Rényi, Barabdsi—Albert, and Watts—Strogatz. We use a range of parameters and sizes for each network. For Erd6s—Rényi
networks, we generate graphs with probability ‘p* set to 0.2, 0.5, and 0.9. For Barabdsi—Albert networks, we use ‘m* set to n * 0.2,
n x 0.5, and n % 0.9, which provide similar connection probabilities to Erd6s—Rényi networks. For Watts—Strogatz networks, we
created graphs with & set to 5, 10, 20, and p set to 0.2, 0.5, 0.9, where 'k’ represents the number of neighbors in the lattice and ’p’ is
the rewiring probability. For these combinations of parameters, we use three different network sizes: 100, 200, and 1000 nodes. This
variation in network size enables us to evaluate the scalability of the model and the impact of the size of a network on experimental
outcomes.

@ Springer



Eur. Phys. J. Plus (2025) 140:551 Page 70f29 551

Table 1 Experiment results; normalized root mean squared deviation (NRMSD) and performance metrics across network configurations. This table presents
the NRMSD values for each compartment of the SEITR model (Susceptible (S), Exposed (E), Infected (I), Treatment (T), Recovered (R)), along with
the average NRMSD and performance time (in seconds) across 45 experiments conducted on three network types: Erd6s—Rényi, Barabdsi—Albert, and
Watts—Strogatz. Each configuration varies in parameters such as network size (n), connectivity probabilities (p), or degree distribution (m or k). The
experiments were conducted under fixed parameter values: A = 1.1, 81 = 0.8, 2 = 0.3, 3 = 0.02, @1 = 0.1, @p = 0.055, 87 = 0.03, 67 = 0.03,
= 0.01. Performance metrics indicate computational time required for each simulation. This data provides insights into the accuracy and efficiency of the
SEITR model under diverse network structures and configurations

S E I T R Avg. Norm. RMSD Performance (sec)
Erd6s—Rényi n=100,p=0.2 0.073 0.039 0.044 0.018 0.032 0.041 6.18
n=100,p=0.5 0.075 0.040 0.047 0.017 0.023 0.038 7.86
n=100,p=0.9 0.074 0.041 0.045 0.017 0.032 0.038 10.54
n=200,p=0.2 0.075 0.040 0.047 0.017 0.027 0.038 14.04
n=200,p=0.5 0.075 0.041 0.045 0.021 0.026 0.038 26.68
n=200,p=09 0.077 0.039 0.047 0.020 0.026 0.038 52.35
n = 1000, p =0.2 0.071 0.037 0.050 0.018 0.033 0.038 1152.72
n=1000,p =0.5 0.071 0.039 0.047 0.020 0.036 0.039 8250.61
n = 1000, p =0.9 0.071 0.038 0.048 0.019 0.032 0.038 32383.76
Barabasi—Albert n = 100, m = n*0.2 0.070 0.040 0.049 0.017 0.026 0.036 6.89
n = 100, m = n*0.5 0.077 0.045 0.043 0.020 0.029 0.040 9.18
n = 100, m = n*0.9 0.075 0.042 0.046 0.018 0.032 0.039 10.49
n =200, m = n*0.2 0.073 0.041 0.046 0.018 0.027 0.038 19.05
n =200, m = n*0.5 0.072 0.042 0.043 0.019 0.030 0.038 39.95
n =200, m = n*0.9 0.074 0.038 0.045 0.019 0.030 0.037 56.15
n = 1000, m = n*0.2 0.071 0.037 0.048 0.018 0.033 0.038 4466.57
n = 1000, m = n*0.5 0.071 0.037 0.048 0.018 0.032 0.037 24123.14
n = 1000, m = n*0.9 0.069 0.037 0.049 0.019 0.033 0.038 42206.04
Watts—Strogatz n=100,k=5,p=02 0.207 0.042 0.057 0.029 0.071 0.076 6.76
n=100,k=5,p=05 0.202 0.038 0.058 0.024 0.079 0.074 6.68
n=100,k=5,p=09 0.154 0.042 0.051 0.020 0.051 0.061 6.82
n=100,k=10,p =02 0.135 0.040 0.052 0.022 0.049 0.054 6.74
n=100,k=10,p =0.5 0.087 0.036 0.047 0.015 0.034 0.041 6.71
n=100,k=10,p =09 0.065 0.036 0.044 0.014 0.037 0.035 6.29
n=100,k=20,p=0.2 0.084 0.039 0.047 0.015 0.036 0.039 6.35
n=100,k=20,p =05 0.073 0.037 0.044 0.017 0.027 0.037 6.61
n=100,k=20,p =09 0.075 0.042 0.046 0.020 0.024 0.037 7.26
n=200,k=5,p=02 0.195 0.044 0.053 0.027 0.066 0.073 11.74
n=200,k=5,p=05 0.193 0.042 0.053 0.026 0.072 0.072 11.89
n=200,k=5,p=09 0.140 0.034 0.046 0.017 0.051 0.056 12.02
n=200,k=10,p =02 0.117 0.041 0.051 0.020 0.038 0.049 11.45
n=200,k=10,p=0.5 0.087 0.036 0.046 0.016 0.038 0.040 11.29
n=200,k=10,p=0.9 0.069 0.036 0.049 0.014 0.023 0.035 11.64
n=200,k=20,p=02 0.084 0.037 0.048 0.014 0.039 0.039 11.73
n=200,k=20,p=0.5 0.066 0.037 0.044 0.015 0.025 0.034 12.23
n=200,k=20,p=09 0.076 0.043 0.043 0.021 0.025 0.038 13.87
n=1000,k=5,p=02 0.192 0.040 0.058 0.022 0.073 0.071 77.01
n=1000,k=5,p=0.5 0.163 0.038 0.056 0.017 0.069 0.062 78.16
n=1000,k=5,p=0.9 0.124 0.034 0.052 0.012 0.062 0.051 78.74
n=1000,k=10,p=0.2 0.135 0.038 0.054 0.018 0.052 0.053 77.03
n=1000,k=10,p=0.5 0.084 0.033 0.050 0.012 0.043 0.039 80.97
n=1000,k=10,p=0.9 0.063 0.034 0.048 0.014 0.036 0.035 84.42
n= 1000,k =20,p=0.2 0.082 0.035 0.052 0.014 0.040 0.039 85.71
n=1000,k=20,p=0.5 0.064 0.035 0.049 0.015 0.033 0.036 100.28
n= 1000,k =20,p=0.9 0.067 0.035 0.049 0.016 0.028 0.036 117.76
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Fig. 3 SEITR densities for Erd6s—Rényi network (n = 100, andp = 0.85, jagged lines) and the homogeneous ODE solutions of Eq. 1 (smooth lines). The
network-based densities show good agreement with the homogeneous ODE model for an ER network, which has uniform connection probability. The viral
parameters are, A = 1, 81 = 0.8, B = 0.3, B3 = 0.02, a1 = 0.1, ap = 0.055, §; = 0.03, 87 = 0.03, and pn = 0.01

All virus parameters used in the experiments are the same as in Fig. 1, and A is set to n * u to ensure equal natural birth and death
rates. Due to the inclusion of death through infection, we expect a slowly decreasing total population for this set of parameters.
In terms of network evolution during the simulation, node removal occurs when an individual dies due to natural causes or due to
infection, reducing the overall network size. Furthermore, new nodes are added during the simulation, and the manner in which new
nodes are introduced varies depending on the network type.

We run 20 repetitions of each simulation for every network configuration so that noise could be mitigated in an average model
of the node statuses. We compare the simulation results with the numerical solutions of the SEITR ODE model (Eqgs.1) using the
Mean Squared Deviation (MSD) to quantify the deviation of each network simulation from the homogeneous ODE solution. This
quantifies network effects. To compare the different network simulations, we calculate the Root Mean Squared Deviation (RMSD)
for each condition (S, E, I, T, and R). To normalize these values and adjust for the network size, we average the RMSD for each
status over the five conditions (S, E, I, T, and R), and we divide the resulting average RMSD by the total number of initial nodes
N for each network setup, yielding the Normalized RMSD (NRMSD). We compute the average NRMSD for each experiment by
averaging the NRMSD values for the five statuses across all time steps, giving a single value to represent the overall similarity
between the network simulation and the homogeneous ODE solution.

In the SEITR network experiments, the Erd6s—Rényi and Barabasi—Albert networks exhibit very similar agreement with the
homogeneous ODE model for all network parameters, with NRMSD values typically ranging from 0.032 to 0.077 (Table 1 and
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Fig. 5 Comparison of ODE solutions and network simulations for Erd6s—Rényi networks. Each subgraph (left and right) presents the dynamics of six
compartments (Susceptibles, Exposed, Infected, Treatment, Recovery, and total population), contrasting ODE results (smooth lines) with averages from 20
network simulations (jagged lines bordered by shaded regions). Key differences emerge between the two network sizes: in the smaller network, epidemic
peaks (E att = 11, I at t = 15) occur earlier and with lower magnitudes compared to the larger network (E at t = 16, I at t = 24). Susceptibles decline
faster and recover earlier in the smaller network, while Treatment and Recovery are more sustained in the larger network, reflecting the impact of increased
size and connectivity. Total population remains stable throughout, validating the model consistency. This comparison highlights how network size shapes
the timing and magnitude of epidemic dynamics

Fig. 4). This indicates that for both random and scale-free networks, the SEITR model effectively captures disease dynamics, with
minimal deviation from the ODE model, regardless of the network size. Deviations from the homogeneous model is most significant
for the Watts—Strogatz networks. While the Erd6s—Rényi and Barabasi—Albert networks are similar across network parameters, the
Watts—Strogatz networks demonstrate more sensitivity to changes in parameters such as the number of neighbors k and rewiring
probability p, particularly at larger network sizes (Fig. 4). These results highlight the complexity introduced by the small-world
property of the Watts—Strogatz model, which can lead to more heterogeneous disease dynamics compared to random or scale-free
networks. Despite these variations, all networks show the ability to capture realistic SEITR disease dynamics.

For networks with 100 nodes, the NRMSD values are particularly stable, with the highest NRMSD value for susceptible nodes
at 0.073 (for p = 0.2, Fig. 5a) and the lowest for recovered nodes at 0.017 (for p = 0.9). As the network size increases to 200
nodes, the NRMSD values show a slight increase in treatment and slight decrease in recovered statuses. However, even with these
shifts, the NMRSD remains quite low. For the largest network size of 1000 nodes, the NRMSD values are largely consistent with the
smaller networks, with the highest NRMSD of 0.071 observed in the susceptible nodes at p = 0.2 (Fig. 5b). This shows, even with
larger networks, the SEITR model‘s predictions are still very close to the ODE solutions, indicating that the model is scalable and
reliable across different network sizes. The results for the Erd6s—Rényi networks demonstrate that changes in both the connection
probability p and network size have a minimal effect on the overall disease dynamics.

For networks with 100 nodes, the NRMSD values range from 0.017 to 0.077 (Table 1), with the smallest deviation observed in
the recovered nodes (0.017 for m = n x0.2, Fig. 6a) and the largest in the susceptible nodes (0.077 for m = n 0.5 (Fig. 6b)). As the
network size increases to 200 and 1000 nodes, the NRMSD values remain consistent. The results for the Barabasi—Albert networks
were very similar to those observed in the Erd6s—Rényi networks, with minimal variation in NRMSD values. The consistency of
the results across different network sizes and configurations highlights the model’s reliability in capturing disease dynamics in
Barabasi—Albert networks as well as Erd6s—Rényi networks.

Watts—Strogatz network SEITR models, particularly when k = 5, have a higher deviation from the ODE model. This was
observed across all rewiring probabilities (p = 0.2, p = 0.5, and p = 0.9), but the most significant discrepancies were found
in the Susceptible, Treatment, and Recovery states. For example, in the n = 100 network with k = 5 and p = 0.2 (Fig. 7a), the
NRMSD for Susceptible is 0.207, Treatment was 0.071, and Recovery was 0.071. These values are much higher compared to the
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Fig. 6 Comparison of SEITR dynamics between two Barabasi—Albert network configurations. Each subfigure (left and right) contains six plots illustrating
the average behavior of Susceptibles, Exposed, Infected, Treatment, Recovered, and Total Population across 20 network simulations (jagged lines) compared
to the ODE solution (smooth lines). While the overall dynamics are consistent, key differences include the timing of extreme points: in (a), Susceptibles
have a dip at the 95th timestep, whereas in (b), the dip occurs earlier at the 53rd timestep. The Infected compartment reaches its peak earlier (23.2att = 6
in (a) and 22.9 at ¢ = 5 in (b)) and with a lower magnitude compared to the ODE solution for both networks. The peak of the Treatment compartment is
higher in (a) (19.8 at r = 22) compared to (b) (17.4 at t = 23). Other compartments exhibit similar trends across the two network configurations

corresponding Erd6s—Rényi and Barabasi—Albert results, where the NRMSD for Susceptible was 0.073 (Erd6s—Rényi) and 0.070
(Barabasi—Albert) for similar network sizes (Table 1). The high NRMSD values indicate that low connectivity (due to low k) results
in disease dynamics that are more chaotic and less predictable, leading to higher deviation from the homogeneous model. This
suggests that for lower k, the Watts—Strogatz network leads to disease spread that behaves less like a well-mixed (homogeneous)
system. Increasing k to 10 and 20 results in lower NRMSD values for all states, bringing the results closer to the ODE solution.
Across different network sizes, the Watts—Strogatz model shows a pattern where smaller networks (e.g., n = 100) exhibit larger
NRMSD values, particularly with lower k values. For instance, in the n = 100 network with k = 5 and p = 0.2, the NRMSD for
Susceptible was 0.207, while for n = 1000 with the same parameters (Fig. 7b), the NRMSD for Susceptible was lower, at 0.192.
This suggests that as the network size increases, the impact of small-world network properties, such as clustering and rewiring,
becomes more distributed, which leads to dynamics that are closer to the homogeneous ODE model.

3.3 SEITR model simulation performance

In this section, we compare the performance of the SEITR model across different network types by evaluating the runtime for each
experiment setup. Since runtime is a crucial factor in assessing the scalability and efficiency of the model, this comparison provides
insights into how different network types and their parameters affect computational performance. For the Erd6s—Rényi network,
runtime increases substantially as both the network size n and connection probability p rise. The randomness in edge connections in
Erd6s—Rényi networks results in larger sample spaces for edge selection as the network becomes denser. For example, at n = 1000,
the runtime ranges from 1,152.72 s (for p = 0.2) to 32,383.76 s (for p = 0.9), with larger values of p leading to a denser network
and more expensive computations. The combination of a larger network and higher connectivity makes the Erd6s—Rényi network
particularly sensitive to these parameters, resulting in a sharp increase in runtime (Fig. 8).

The Barabasi—Albert network follows a similar pattern, where increases in both network size and the number of edges per new
node m lead to higher runtimes. At n = 1000, the runtime spans from 4,466.57 s (for m = n % 0.2) to 42,206.04 s (for m = n % 0.9).
The preferential attachment mechanism in Barabdsi—Albert networks, where nodes preferentially connect to others with higher
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Fig. 7 Comparison of SEITR dynamics between network simulation averages and ODE solutions for Watts—Strogatz networks. Despite a slightly higher
NRMSD compared to the Erdos—Renyi and Barabasi-Albert networks (see Fig. 4), Watts—Strogatz networks still achieve strong alignment with the ODE
models. In the Susceptible compartment, the network simulation sharply diverges from the ODE solution after reaching its minimum, with the population
remaining significantly higher in the network model. This suggests that the small-world structure of the Watts—Strogatz network slows down the depletion
of susceptibles, likely due to localized clustering and limited long-range transmission. Subfigurea shows greater variability in the susceptible and treatment
compartments, reflecting structural irregularities inherent in smaller Watts—Strogatz networks. The treatment compartment peaks at approximately 24.1 at
t = 17, similar to subfigure b but with a marginally sharper peak and quicker decline. In subfigure b, a larger population dampens discrepancies, yielding
smoother curves and a later peak in treatment (around ¢ = 18). While Watts—Strogatz networks exhibit slightly increased deviations due to their clustering
and rewiring characteristics, they validate the robustness of simulations in approximating ODE models for larger-scale systems
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Fig. 8 Computational performance metrics of SEITR simulations across experiments. Bars are the CPU time (in seconds) on log scale for SEITR model simu-
lations for 45 experiment configurations, as listed in Table 1. Individual experiment sets (x-axis) are grouped by network types (Erds—Rényi, Barabdsi—Albert,
and Watts—Strogatz). The logarithmic scale highlights the substantial differences in simulation times, particularly for larger network sizes (n) and higher

connectivity parameters (p, m, or k)
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degrees, results in a more complex degree distribution. This mechanism requires additional computational resources, particularly as
m increases, leading to a higher processing time due to the increased complexity of the network structure.

Watts—Strogatz network, in contrast, shows a more stable runtime across different values of the parameters k (the number of
neighbors) and p (the rewiring probability). The rewiring process and the localized connection structure of Watts—Strogatz networks
do not significantly affect runtime, and the results indicate no major differences when varying k or p. However, network size
still influences runtime, though the effect is not as drastic as in Erd6s—Rényi or Barabdsi—Albert networks. At n = 1000, the
runtime remains relatively stable across different settings for k and p, with slight increases observed as the network size grows.
This suggests that while the Watts—Strogatz network ‘s localized structure is less computationally demanding compared to the more
globally connected Erd6s—Rényi and Barabdsi—Albert networks, the network size still plays a role in increasing runtime, albeit more
gradually.

The differences in performance across these network types can be attributed to the underlying mechanisms governing edge
formation. In both Erd6s—Rényi and Barabdsi—Albert networks, the combination of larger networks and increased connectivity
or attachment results in higher computational costs, with Erd6s—Rényi networks being particularly sensitive to the connection
probability p, and Barabasi—Albert networks being influenced by the degree distribution affected by m. In contrast, the Watts—Strogatz
network’s localized structure allows for more stable performance across varying parameters, with network size remaining the primary
factor influencing runtime.

4 Conclusions and future work

In this study, we investigated the dynamics of disease spread across different network structures, specifically Erdés—Rényi,
Barabdsi—Albert, and Watts—Strogatz networks. We simulated SEITR disease dynamics on these networks under various conditions.
As the network degree distributions became more uniform, the disease dynamics agreed with the expected trends of a homogeneous
ODE solution. We also observed that certain network topologies led to deviations from the homogeneous model disease dynamics.
Moreover, the experiments highlighted the stochastic nature of disease spread. By running multiple iterations of the experiments,
a range of outcomes was observed, reflecting the inherent randomness in disease transmission and network generation. Our results
demonstrated the ability of the SEITR network simulation to accurately replicate homogeneous ODE results while accounting for
stochastic variations inherent to network-based simulations. Key epidemiological metrics, such as the timing of infection peaks,
susceptible dips, and recovery plateaus, were consistently aligned with expectations across network types, validating the model’s
applicability to various scenarios. Overall, the combination of network theory and epidemiological modeling provides a flexible and
insightful framework for studying disease dynamics.

Our SEITR network algorithm also includes realistic disease transmission and dynamic parameters that one would use in ODE
models. By adjusting these parameters, the model can be tailored to simulate a wide range of diseases and outbreak scenarios,
enhancing its versatility and applicability. Further, the experiments demonstrated the impact of various parameters on disease
dynamics, such as the rate of new individuals entering the population (A), the probabilities of transitioning between states (81, B2,
B3, a1, @), and the rates of disease-induced death (&7, d7). These experiments underscore the importance of network structure and
size in epidemiological modeling and contribute to our understanding of disease dynamics. The findings can inform strategies for
disease control and prevention.

This study opens several avenues for future exploration. In this study, we utilized Erd6s—Rényi, Barabasi—Albert, and Watts—Stro-
gatz network graphs to simulate a cattle population. While these network structures capture certain aspects of real-world populations,
they offer a simplified representation. Future research could focus on exploring more intricate network models that better encapsulate
the diversity and complexity of real-world population structures. For instance, networks incorporating hierarchical or multilayered
structures, such as multiplex networks or temporal networks, could be utilized to represent populations where interactions are
influenced by overlapping social, spatial, or temporal factors. Such models could provide deeper insights into disease dynamics,
particularly in settings where interactions are context-dependent or evolve over time. Future research could incorporate network
graphs based on empirical data representing actual populations, such as those of a county, state, or entire country. This adaptation
would enhance the model’s applicability to policy-making and public health planning. However, such an approach would require
significant computational resources due to the complexity and scale of real-world networks.

Another promising direction is the introduction of time-dependent treatment interventions. In the current model, treatment
availability was assumed to begin at the first step of the simulation. Future implementations could parameterize treatment initiation
to occur at a specific time step, allowing for the examination of delayed or phased treatment strategies and their impact on epidemic
outcomes. This extension would provide more realistic insights into scenarios where treatment resources are mobilized at different
stages of an outbreak. Furthermore, incorporating additional factors, such as spatial heterogeneity, mobility patterns, or vaccination
strategies, could further extend the model’s relevance to practical epidemiological applications. These enhancements would continue
to bridge the gap between theoretical modeling and real-world scenarios.
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The SEITR network model could also be refined to incorporate additional realistic elements, such as age structure. Age can
significantly influence an individual‘s susceptibility to infection, their likelihood of transmitting the disease, and their probability
of recovery. Another potential enhancement is to include spatial structure in the model, as the spatial distribution of individuals
can greatly impact disease spread. This could be achieved by using spatially explicit network models or by incorporating spatially
dependent transmission rates into the model. In this study, the model parameters were set manually based on reasonable assumptions.
However, in a real-world outbreak, these parameters would need to be estimated from data. Future work could explore methods for
parameter estimation, such as maximum likelihood estimation or Bayesian inference. These methods could be used to fit the model
to outbreak data and estimate the parameters that best explain the observed disease dynamics.
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Appendix

The appendix provides a comprehensive presentation of the experimental results in full detail. This includes an extended version
of the results table from the main text, which features Mean Squared Deviation (MSD), Root Mean Squared Deviation (RMSD),
and total population values for all 45 experiment sets. Additionally, individual experiment graphs for each set are included to
visually demonstrate the simulation outcomes. These graphs and detailed metrics showcase the performance and accuracy of the
network-based SEITR model across various configurations, including Erd6s—Rényi, Barabasi—Albert, and Watts—Strogatz networks
of differing sizes and connectivities (Table 2).
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Watts-Strogatz network with n=100, k=5 and p=0.2
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