PHYSICAL REVIEW A 112, 033321 (2025)

Vortices in D-dimensional anisotropic Bose-Einstein condensates:
Dimensional perturbation theory with hypercylindrical symmetry
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We investigate D-dimensional atomic Bose-Einstein condensates in a hypercylindrical trap with a vortex core
along the z axis and quantized circulation Zim. We analytically approximate the hypercylindrical Gross-Pitaevskii
equation using dimensional perturbation theory with perturbation parameter 6 = 1/(D + 2|m| — d), where d
controls the contribution of kinetic energy at zeroth order. We derive the zeroth-order (6 — 0) semiclassical
approximations for the condensate energy, density, chemical potential, and critical vortex rotation speed in

arbitrary dimensions. We investigate the effect of trap anisotropy on lower effective dimensionality and compute
properties of vortices in higher dimensions motivated by the study of synthetic dimensions and holographic
duality, where a higher-dimensional gravitational model corresponds to a lower-dimensional quantum model.
In the zeroth-order approximation, we observe crossings between energy levels for different dimensions as a
function of interaction strength and anisotropy parameters.
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I. INTRODUCTION

Experimental properties of magnetically trapped Bose-
Einstein condensates (BECs) of dilute atomic gases at
ultralow temperatures are well described by the mean-field
nonlinear Schrodinger equation known as the Gross-Pitaevskii
equation (GPE) [1]. The current study focuses on BECs in
arbitrary Cartesian dimensionality, which we model using
the GPE in D-dimensional hypercylindrical coordinates. We
choose cylindrical coordinates because the most common
anisotropic trap has axial symmetry. Using the trap anisotropy,
BECs can have lower effective dimensionality, such as ap-
proximately 1D, 2D, or isotropic 3D [2]. We analyze the effect
of anisotropy in the cylindrical geometry as a surrogate for
effective lower dimension in an isotropic system.

We also explore higher-dimensional vortex properties,
which have potential applications in the emerging field of
synthetic dimensions [3-5]. In these experiments, internal
degrees of freedom are manipulated so that they mathemat-
ically behave like extra external degrees of freedom such as
extra spatial dimensions. The GPE has also been used with
variable dimensionality to compare vortex cluster formation
with predictions using a black hole holographic model [6].
Holographic duality is a large-D result from string theory in
which anti—de Sitter spacetimes in D spatial dimensions cor-
respond to a conformal field theory on the boundary (D — 1
spatial dimensions). The focus of the current study is general-
D approximations for the GPE quantum system, but the results
could have applications in gravitational theory.
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Previously, we used dimensional perturbation theory
(DPT) to study beyond mean-field effects [7], and we used the
large-D limit to approximate solutions of the D-dimensional
GPE [8]. In both of these cases, we assumed an isotropic
BEC and hyperspherical coordinates. In the current study, we
extend the large-D approximation of DPT for the isotropic
GPE [8] to the anisotropic GPE with D-dimensional hyper-
cylindrical symmetry. We use § = 1/(D + 2|m| — d) as our
perturbation parameter, where m is the vortex quantum num-
ber and d can be thought of as the reference dimension for
D. The parameter d can also be used to control the kinetic
energy contribution for § — 0, which is a large-D or large-m
approximation. In addition to keeping contributions from the
kinetic energy, zeroth order also includes the full potential
energy and nonlinear interaction from the GPE.

We use the semiclassical approximation techniques in
Ref. [9] and extend their anisotropic trap vortex collective
excitation results to D dimensions. We compare our ana-
lytical approximation with the variational approach for the
anisotropic GPE for the ground state in Ref. [10]. We derive
semiclassical approximations of key quantities, including the
condensate density, energy, chemical potential, and critical
vortex speed in D dimensions. We examine the effect of D
on these quantities, and we observe crossings between energy
levels for different dimensions as a function of interaction
strength and anisotropy parameters. We also derive the D-
dimensional Thomas-Fermi approximation.

II. HYPERCYLINDRICAL GPE

We assume a quantized vortex of a collection of ultracold
trapped bosons, each with mass M, rotating about the z axis in

©2025 American Physical Society


https://orcid.org/0009-0007-4122-1589
https://ror.org/04wn28048
https://orcid.org/0000-0002-9494-8833
https://ror.org/04wn28048
https://crossmark.crossref.org/dialog/?doi=10.1103/yg7l-ggnf&domain=pdf&date_stamp=2025-09-22
https://doi.org/10.1103/yg7l-ggnf

MARIA ISABELLE FITE AND B. A. MCKINNEY

PHYSICAL REVIEW A 112, 033321 (2025)

D dimensions. This rotation results in hypercylindrical sym-
metry. The hypercylindrical coordinate system is composed of
one Cartesian coordinate, which we designate as z and assume
to be in the direction of the vortex core. The z coordinate is
orthogonal to a (D — 1)-dimensional hyperspherical subspace
(D > 2) defined by a hyperradial coordinate r; (the radius
of the D — 1 dimensional hypersphere) and a set of D — 2
angles. In the cases D = 3 and D = 2, the hypersphere re-
duces to a circle and line segment, respectively. Essentially,
we form the hypercylindrical Laplacian by adding d?/dz* to a
(D — 1)-dimensional hyperspherical Laplacian. For hyper-
spherical and hypercylindrical coordinates, we use the con-
vention in Ref. [11]. The time-independent GPE in D > 2
hypercylindrical coordinates can then be written as

BIL 0 (pad ), @ Lhs
oM P Zer Nt o) a2 2
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where w is the transverse confinement oscillator frequency in
the hyperspherical dimension perpendicular to z and A = o
is a measure of the anisotropy of the harmonic confinement.
The hypercylindrical symmetry of the vortex fixes the L,
component of the angular momentum to the vortex axis, and
L,%f2 corresponds to the projection of the angular momentum.
The eigenvalues of L2D72 are |m|(Jm| + D — 3) [12], where
|m| =0,1,2,---. For the rotating BEC, |m| is the magnitude
of the projection of the angular momentum onto the z axis
and the sign of m indicates the direction of rotation. The
wave function of the condensate, ¥ (r), is normalized such
that [ [ (r)|> = N, where N is the number of particles in the
condensate. The role of L2 , is analogous to the hypercylin-
drical symmetry of a D-dimensional H," molecular ion [13]
or hydrogen in a magnetic field [14].

The parameter up, is the coupling constant in D dimensions,
given by

2
up = E_ﬂcﬁf{ 2)
MT(D-2)

where a is the s-wave scattering length and Qp = 27 2 /T( %)
is the angular integral over a D-dimensional sphere. Because
of the gamma function in the denominator, the D = 2 and
D =1 limits for up require careful treatment but do exist.
These limits of the pseudopotential have been calculated in
Refs. [15] and [16], respectively.

Following the approach in Ref. [8], we introduce the Jaco-
bian transformation of the wave function, ¢ = r®®=2/24, in
order to eliminate the first derivatives from Eq. (1):
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2M [ 9r? 922 4r* r?
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Next, we introduce transverse oscillator units: r; = £, 7,z =
01z, p=hoifi, up = ho Rap, and ¥(r) =29 ),
where €| = v —— n_ s the oscillator length in the radial axis

Mo,
perpendicular to z. - These transformations and substituting the

eigenvalues of L} , gives the following hypercylindrical GPE
in transverse oscillator units:
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For the DPT approach we define dimensionally scaled os-
cillator units: 7, =k /25 1-D,

2=k, ap = k' Pip,
and ¥ (F) = kP2 (#). The dimensionally scaled GPE

becomes
1., 92 92 1—2(3—d)(SJr(4—d)(2—d)52
{_58 [8?2 + 322} + 872
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The perturbation parameter is defined as § = 1/«, where
k =D+ 2|m| —d. (6)

The rationale behind the choice of x and d is as follows. We
assume the centrifugal numerator in Eq. (4) equals a poly-
nomial in k: (D —4)(D —2)+4|m|(jm| +D —3) = «* +
bk + c. The constants b and ¢ are independent of D and
|m|, while « is linear in |m| and D. Using these constraints
and plugging in « gives b = —2(3—d) and ¢ = (4—d)(2—d).
In Ref. [8], d = 2, 1,0 were used for different applications.
The parameter d does not affect the mathematical form of
the zeroth-order (§ — 0) GPE density; however, it changes
the weight of the centrifugal term through « in regular oscil-
lator units. Thus the parameter d can be varied to increase
or decrease the zeroth-order kinetic energy, where d set to
drr = D + 2|m| gives zero kinetic energy (Thomas-Fermi).
When d = D for a given target dimension D, k = 2|m| and
the only contribution to the zeroth-order kinetic energy is the
centrifugal vortex term. This often makes the choice d = D a
natural "reference dimension" for many applications. For ex-
ample, when comparing our zeroth order to the D = 3 results
in Ref. [9], where a centrifugal term is manually added to the
Thomas-Fermi approximation, a natural choice is to letd = 3.

III. ZEROTH-ORDER (LARGE-D OR LARGE-|m])
APPROXIMATION

We now take the zeroth-order 6 — 0 limit of Eq. (5), which
can be thought of as a large-|m| or large-D limit. The zeroth-
order approximation of the density is

K2
)\’2 52 47) (7)

[ (F)]* — u—<2M -7 -
where we reverted the dimensionally scaled oscillator (hat)
units back to regular transverse oscillator (bar) units. In these
units, the dependence on D and |m| is made explicit through
k. Note that for D =3 and setting d = 3 the centrifugal
term becomes |m|?/ ;—,Jz_ in agreement with Ref. [9]. Since the
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chemical potential is part of the zeroth-order density, we use
the general-D normalization condition to find an expression
for the chemical potential ji:

2 / / 1 (F)PdzFPdF, = N, ®)

where Qp_; is the angular integral corresponding to a D — 1
dimensional sphere with D — 2 angles. Using our zeroth-order
approximation for |/ (¥)|> [Eq. (7)], the integral in Eq. (8)
has an exact form in terms of the hypergeometric function ,F}
(Appendix A).

To find a simpler expression for i (compared to Ap-
pendix A), we define a perturbation parameter,

a =k/(4), )
which would be the same « used in Ref. [9] for D = 3 if we
let d = 3 in «. We then define primed units 7| = /2r,z =

V27, and |¢'(r, )7 = %W;(I_')F to make the densities
have unit norm for all D, which yields

_ Qp_12[i a?
rIN 2 D—1 ) 2.2
s =——|1- — A - — . 10
[ (', 2)| N i ( r < r,z) (10)

The z limits of integration in Eq. (8) can be found with the
condition | (F)|*> > 0:

T = 1)
zminz—f. (12)

With these substitutions and solving the 7’ integral exactly, the
normalization condition yields

4 Q) , @ 302 D2
T / 1_rl_r_f r7%dr, =N. (13)

The ' limits of integration at the edge of the condensate are
then

1—-V1—4a2
Finin = | ——5—— (14)
, 14+ V1 —4a?
ryooo= (15)
1 max 2

The value 7/ .. is the inner radius of the condensate and can
be thought of as the radius of the vortex core, while 7/ is
the outer radius of the condensate. Note that 7/ . and 7| .
are only real for @ < 41'1’ which yields a lower bound for the
chemical potential, t > « /2.

Finally, expanding the normalization integrand in Eq. (13)
to second order in &, we obtain an expression that can be
solved numerically for the chemical potential ji:
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FIG. 1. Side view cross section of zeroth-order density |’ (F)|?
of Bose-Einstein condensates with different numbers of dimensions
using Egs. (7) and (16). The density |/ (F)|> = Qp_1|¥ (F)]>/N is
scaled so that [ |y'(F)[?dzF)*dF, = 1 for each D. We use N =
1000 atoms, vortex number m = 1, anisotropy A = 4/3, and inter-
action strength #p & 25.1, which corresponds to scattering length
a =1 in oscillator units. We use « = D + 2|m| — 3. The density
becomes more squeezed with increasing D.

Determining the density [Eq. (10)] requires solving Eq. (16)
for fi and restricting /| to its lower and upper limits, Eqs. (14)
and (15). As D increases, the vortex core is pushed outward
due to the centrifugal term in the large-D density, and at the
same time, the outer surface of the condensate is pulled inward
along the r; dimension (Fig. 1). As the interaction strength iip
increases, the radius of the vortex core 7/ . decreases rapidly
at first and then flattens (Fig. 2).

Despite the appearance of ﬁ terms, Eq. (16) hasaD — 3

limit:
ST 1 3a? g 2
Lf‘) L A N P a17)

3 |5 2 2 '3

in agreement with the form in Ref. [9] and exact agreement
when d = 3. Similarly, for D = 2, we find

8(2)* [ 3ma? 56{+3n
3ty 4 2 16

~ N, (18)

which can be solved for ji:

_ 10j| 25 1 N
- NI e P2 T
= "6n \/(%2 4)” +< 2 ) (19)

The D — 1 limit exists, but this is technically not a physical
limit in the hypercylindrical coordinates.

Higher-order expansions in & [beyond Eq. (16)] accu-
mulate additional poles at odd integer dimensions. The
second-order expansion has no poles, while the fourth-
order has a pole at D = 3 and the sixth-order has poles at
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FIG. 2. Inner (vortex core) radius /. [from Eq. (14) and ft
from Eq. (16)] as a function of the interaction strength, iip. We use
N = 1000 atoms, vortex number m = 1, and isotropic condensates
with A = 1. Weuse k = D + 2|m| — 3.

D =3,5 (see Appendix B). For our purposes, the second-
order expansion in & is a reasonable approximation, while
having the advantage of a finite solution for D = 3. In general,
we hypothesize that the nth-order expansion in & has poles
at D =3,5,7,...,2n — 1. Therefore, the highest expansion
possible for a given odd D, while avoiding a pole at D, is
the (D — 1)-order expansion. There are no poles at even D
regardless of the order of expansion.

We can use Eq. (16) to derive the general-D Thomas-
Fermi approximation for the ground state, where the kinetic
energy term is neglected completely. In general, the kinetic
energy contribution to the zeroth-order density equation (7)
will be nonzero even when |m| = 0 because the number of
dimensions D and the parameter d also contribute to « in the
centrifugal term. However, when the parameter d is chosen
to be drr = 2|m| + D, the remaining kinetic energy from the
vortex in Eq. (7) is forced to zero, and the zeroth-order den-
sity reduces to Thomas-Fermi. The general-D Thomas-Fermi
chemical potential follows from Eq. (16) by letting d = dr,
which results in ¥ and & becoming zero:

) (D — 1) NaipT (24) P
2fitF = . 2
ATF ( Qo1 AT () (20)

This gives the known D = 3 Thomas-Fermi result (e.g.,
Ref. [9]) and gives the correct results for D = 2. Despite
not being a physical limit in our formalism, the D — 1 limit
(D—-1)/2p_1 — 1 in Eq. (20) leads to the correct 1D
Thomas-Fermi result. One could also derive fitp from Eq. (7)
and by using the general-D normalization condition [Eq. (8)].
Our general-D and m implicit formula for the chemical po-
tential [Eq. (16)] can then be expressed in terms of the

F ( logyo scale) (oscillator units)

Up ( logqo scale) (oscillator units)

FIG. 3. Chemical potential i of different D-dimensional con-
densates as a function of the interaction strength, #p, plotted on a
log-log scale from Eq. (16). We let N = 1000, m =1, and A = 1.
The horizontal lines are the lower bounds of the chemical potential
(m =«/2) for D=4 and D = 5. For weak interaction (left), &
increases with increasing D, similar to a harmonic oscillator. For
strong interaction (right), ;i decreases with increasing D due to the
Thomas-Fermi D dependence. This leads to dimensional crossings.
We use k = D + 2|m| — 3.

D-dimensional Thomas-Fermi chemical potential firg:

4QD_1(2/1)‘)2“[ @ 'p+3) 3ar/wr (%)

3Aip 20-1)(D~-3) 4D-3)r (%)

ND+2)/ &\
()
3 MUTE

var (%)
2D+ DI (2H)

2

where we recall that & =« /(4ix) = (D +2|m| —d)/(4jr)
contains the vortex quantum number information. Again,
when d = drg, a becomes zero and one recovers g from
Eq. 2D).

Next, we consider the effect on the zeroth-order chemical
potential of sweeping the parameters i, (interaction strength)
and A (anisotropy) for D = 2,3,4,5. We refer to the curve
of chemical potentials for a given D as the jip curve. Each
[Lp curve increases with anisotropy or interaction strength
for a given D. For fixed weak interaction strength, the jp
curves increase with increasing D (i.e., lower dimensions have
lower chemical potential; see far left side of Fig. 3), which is
expected based on the known D dependence for the energy
of a (noninteracting) harmonic oscillator. However, as the
interaction strength iip increases, the jip curves cross each
other, and for large interaction, the fip curves are ordered
by decreasing D (i.e., higher dimensions have lower chemical
potential; see right side of Fig. 3), which is due to the domi-
nance of the general Thomas-Fermi approximation [Eq. (20)]
and its D dependence of 2/(D + 2) in the exponent. For weak
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F ( logyo scale) (oscillator units)
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FIG. 4. Chemical potential i of different D dimensional conden-
sates as a function of the trap anisotropy, A, plotted on a log-log
scale from Eq. (16). We let N = 1000, m = 1, and i1p = 25.1. The
horizontal lines are the lower bounds of the chemical potential (t =
k/2) for D=4 and D = 5. We use k = D + 2|m| — 3. For large A
the Thomas-Fermi limit has a stronger contribution and we observe
dimensional crossings similar to Fig. 3.

interaction, the Thomas-Fermi contribution goes to zero and
the harmonic oscillator energy dominates.

The fip curves show the same pattern as interaction
strength when the A anisotropy parameter is swept (Fig. 4).
This similarity is because the parameters iip and A play the
same role in Eq. (16). The plots also include the i = «/2
(horizontal lines in Figs. 3 and 4), which come from the
condition that the hyperradii equations (15) and (14) be real
(i = «/2). This is a lower bound on f& that depends on the
number of dimensions D and the magnitude of the angular
momentum quantum number m. As D or |m| increases, the
lower bound on & will also increase. The computed values of
[ stay above this lower bound even for small interactions.

IV. ENERGY AND CRITICAL VELOCITY IN D
DIMENSIONS: ZEROTH ORDER

The general-D energy functional of the condensate is

given by
“w e
1 [ ()] )

(22)

h2
:/dDr(mwme+mrap<r)|w<r)|2+

where N > 1, and which can be written in terms of the chem-
ical potential as

E_; dPFy (F) (23)
N =R 4N I ()|

Using our zeroth-order approximation for ¥ in Eq. (7), and
expanding the integrand of Eq. (23) to second order in &, we
obtain the general-D energy per particle:

o ewF e [4&’)-1(30 +1)

E
N T 3N, | D= DD -3

_ 1sa’/xr (%)
(0 —3r(22)
6/l (22
~(D+ Dr(2e )}'
Note that & and & depend on the vortex quantum number .
In the D — 3 limit, Eq. (24) reduces to

E 8t (2m)"?[1  5a2 ¢ 17
— - — = In - , (25
NPT TS 7T 2 +15 (2
in agreement with Ref. [9].
The energy expression in Eq. (24) allows us to approximate
the critical angular velocity €2, to produce a quantized vortex
with quantum number m of a BEC in D dimensions:

6yaT (25!
(D - DI (2H)

(24)

- 1 _ _
Qc(|Imf) = M[E(IMI)/N — E(0)/N], (26)
where Q. and E/N are in transverse oscillator units. Substi-
tuting our energy approximation [Eq. (24)] into the critical
velocity equation [Eq. (26)] we find

43D+ D)™ 15vT () (DT)+ ovar (%) ev/mr(%?
3D —1) (D —3)r(22) (D — DI'(2H) (D+1)r(D %)

Q. ~ L 2i1(0
(i)~ e RON (= 5=

43D + 1)(4ﬁ5m|))D71

15\/_(4M(|m\)) (Dz ])

6/ (2H

n ﬂ(lml)—ﬂ(o)’
|m|

-3r(53)

i)

)
(D—1)1“(D—+4) (D + DI (24)

27)

where Q. (|m|) is the critical velocity for the vortex number m, {1(0) is the ground-state chemical potential when m = 0, 1 (|m|)
is the excited-state chemical potential for the L, quantum number, k = D + 2|m| — d,and k(0) = D — d. Asin Eq. (24), A = ;‘j—l
is the anisotropy parameter, iip is the interaction strength, and N is the number of particles. For this approximation, we used
zeroth order (in § = 1/k) and then expanded in &. The critical velocity is affected by the number of dimensions in the same way
as the expression for energy.
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In the limit as D — 3, the critical velocity becomes

1 8x oL L3
~ ml 15N [( Aoy ( 2(

«(0)
8i1(0)

€ (0) \2 | 17
4a<0>> (n - E))

1 5 K
— (i T2 Z 4 2
ia(Iml)) <7 + 2( —

4 (|ml)

Letting d =3 for the reference dimension, & =

(D+2|m| —3)/[4(|m|)] becomes |m|/[2ji(|m|)] as D — 3.

Taking the limit as & goes to O (&t >> |m]), the 3D critical
= Im| 47(0)

velocity becomes
Q. ~ — |:151n — 17],
12/1.(0) |m|

in agreement with the D = 3 critical velocity approximation
in Ref. [9].

(29)

V. BOSE-EINSTEIN CONDENSATES IN FOUR
DIMENSIONS: SYNTHETIC DIMENSIONS

BECs with D > 3 can be experimentally studied using
“synthetic dimensions,” where internal degrees of freedom are
used to simulate additional dimensions. Here we consider a
4D BEC with a vortex in hypercylindrical symmetry. Taking
the limit as D — 4 in Eqs. (7), (16), (24), and (26) we can
estimate the density, energy, chemical potential, and critical
velocity of the 4D BEC. The density using our zeroth-order
approximation becomes

1 K2
</L—H 122—4—2)

where iiy = 4m2a® is the coupling constant in four dimen-
sions. The addition of one dimension increases the power of
the scattering length in i, (a° instead of @) and mimics the
effect of increasing |m| by 1/2, thus increasing the centrifugal
kinetic energy contribution. In the 4D case, the normalization
condition leads to

ler )’ [7a® 3ma? T
Q- | = - + = | =N,
3)iiy 6 8 32

where & = k/(4L) = (4 + 2|m|
particle is

[y (@) = (30)

€29

—d)/(4fr). The energy per

E 27 2)*[52&°  157ma? 5w
EopZE0 - +220 32
N 15 Nii; | 3 4 32

and the critical velocity is

1
Q(Im)) ~ m[ — 15/2(0) + (69/1(0) — 457 % (0))x~"!

+277715x17 — 104 x 7%

2/3
+272/330K2 (%) xl/3}’

where the variable x = 7 — 97 2(0) + 127 23(0) = uyAN/1
and f2(0) is the 4D chemical potential for m = 0.

(33)

) (gt 15)) |+
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(

VI. ANISOTROPY AND LOWER EFFECTIVE
ISOTROPIC DIMENSIONS

Recall that the anisotropy of a hypercylindrical condensate
is controlled by A = w— the ratio of confinement oscillator
frequencies. Our zeroth-order density [Eq. (7)] captures con-
densate features due to A, such as stretching along the z axis
for A < 1, making the BEC more 1D (cigar geometry), while
A > 1 compresses along the z axis, making the BEC more of
a 2D disk (Fig. 5) or a D — 1 hyperdisk embedded in D dimen-
sions. Here we further explore the role of A on lower effective
dimension embedded in D = 3, and we compare numerically
with the two accurate variational expressions (small- and
large-A limits) for m = 0 and D = 3 from Ref. [10].

To more easily compare with Ref. [10] and make the effect
of A more explicit, we convert our earlier results in transverse
oscillator units (based on confinement w ) to geometric mean

Jo? . in 3D). Note Ref. [10]

uses y for anisotropy, which is 1/A. Generalizing the @ geo-
metric mean to D dimensions gives

oscillator units (based on w =

w= (a)erla)z)l/D =Py, (34)
which we use to convert between generalized geometric mean
oscillator units (tilde) and generalized transverse oscillator
units (bars). Equation (34) gives i = A'/Pji and & = A~'/Pa.
Due to differences in the coupling constant and normalization
used in Ref. [10] for 3D, we define the conversion for the
coupling constant to be iip = 2N Qp_1ilp.

In the geometric mean oscillator units, the general-D
zeroth-order equation for the chemical potential [Eq. (16)]
becomes

=n a \>' +3)
3uD ()J/D) 2(D— 1)(D —3)
_(&)2 3WAr (%) . Var(P)
AP ) 4D -3)r(2) 20— Dr(2)
\/_F(D+3)

2
- - < 7 | N’
2(D + 1)1“(%):|

(35)

and the 3D limit [corresponding to Eq. (17)] becomes

2013 (1 3/ & \? @ 2\ _
52 () (n(55) +3 )] = o9

In these units, the effect of A moves from a global prefac-
tor to multiple coefficients that delineate the relative effect
of anisotropy on the chemical potential. Similarly, the 2D
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FIG. 5. Contour plots of the zeroth-order density | (F)|?, Eq. (7), for D = 3 condensates with three values of the anisotropy parameter,
A= ;’T Each density is normalized such that f f |tﬁ(f‘)|2d27’f’2d 71 = N. The coordinates 7, and 7 are in scaled transverse oscillator units.
The condensates have an m = 1 vortex along the z axis, N = 1000 atoms, and interaction strength ii, ~ 25.1.
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As the BEC is flattened about the z axis (A > 1, disk),

Eq. (35) becomes closer to the Thomas-Fermi approximation

[Eq. (20)] as the centrifugal vortex kinetic energy becomes

less important. However, physically, the axial kinetic en-

ergy becomes more important when A > 1. As the BEC is

stretched along the z axis (A < 1, cigar), our transverse cor-

rection to the kinetic energy is more significant and physically
the transverse kinetic energy is also more important.

(37

*1 (A=1/100]

W (oscillator units)

1072 107" 10° 10" 10?
U3 ( logyo scale) (oscillator units)

The optimal zeroth-order value of d in « is A dependent
(Fig. 6). The value of d affects the contribution of the cen-
trifugal term to the kinetic energy through the scaled units.
For the value d = 3, the zeroth-order approximation reduces
to Thomas-Fermi (zero kinetic energy) when D =3 and
|m| = 0. For other (non-Thomas-Fermi) values of d, the
zeroth-order approximation performs better than Thomas-
Fermi, especially at low interaction strength, because the
zeroth order includes zero-point energy from the centrifugal
term. For A = 1/100, the optimal solution lies between d = 1
and d = 2, and the zeroth-order density is more appropriate
because of the transverse kinetic energy contribution. For

A =100
150 1
o)
c
S 100+
=
2
o
°
[}
R T A—
=3
50
o) e

1072 10° 10?
us ( logqo scale) (oscillator units)

FIG. 6. Zeroth-order approximation of the chemical potential i [Eq. (36) where k = D + 2|m| — d] for the 3D ground state (D = 3,
m = 0) compared with the variational approximations from Ref. [10] in geometric mean oscillator units. We test different values for d in
the zeroth-order approximation, where the value d = D + 2|m| is equivalent to the Thomas-Fermi approximation (d = 3 in this case). For
condensate parameters, we use N = 1000, m = 0, and a range of interaction strengths & in geometric mean oscillator units. For anisotropy, we

use A = 1/100 (cigar limit, left) and A = 100 (disk limit, right).
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A = 100, larger, more negative values of d are needed to add
more transverse kinetic energy to compensate for the neglect
of the axial kinetic energy.

VII. SUMMARY AND CONCLUSIONS

We used the hypercylindrical Gross-Pitaevskii equa-
tion [Eq. (1)] and dimensional perturbation theory (DPT)
to investigate vortices in D-dimensional Bose-Einstein
condensates. The  perturbation parameter &= 1/k
(k =D +2|m| —d) involves the spatial dimension D, axial
vorticity |m| of the condensate, and a parameter d that controls
the kinetic energy contribution at zeroth order. With the zeroth
order, we derived semianalytical results for arbitrary D and
we studied the effect of dimensionality on the density and
other properties of the condensate. For example, for higher D
the density is more sharply peaked and the vortex core pushes
outward (Fig. 1) due to the large-D effect of the centrifugal
term. We analyzed the effect of anisotropy in the cylindrical
geometry as a surrogate for effective lower dimension in an
isotropic system, and we derived higher-dimensional vortex
properties, which have potential applications in the emerging
field of synthetic dimensions.

Introducing an additional expansion in & =« /(4f1)
[Eq. (9)], we found general-D expressions for approximating
the chemical potential, energy per particle, and critical vortex
velocity equations (16), (24), and (26). These expressions
extend the results for 3D axially symmetric condensates in
[9] to arbitrary D. We let d = 3 in « for exact concordance
with D = 3 in Ref. [9]. In order for the inner and outer radii
of the condensate to be real in the § — 0 limit of DPT, we
found a D-dependent lower bound on the chemical poten-
tial (1 > k/2), which may be like a D-dependent zero-point
energy. We also solved the normalization integral using the
zeroth-order approximation without expanding in & to provide
a more exact approximation for i [Eq. (Al)]. We demon-
strated that our zeroth-order approximation for the chemical
potential simplifies to the D-dimensional Thomas-Fermi ap-
proximation [Eq. (20)] when we let d = D + 2|m| in the «
parameter.

Extending the spherical symmetry results from Ref. [8]
to axial symmetry allowed us to study anisotropy effects
such as the transition between D = 3 and D = 1 as the con-
densate is compressed or stretched along the z axis using
A. Converting from transverse to geometric mean oscillator
units, similar to Ref. [10], allowed us to see the limiting ef-
fects of the anisotropy on the zeroth-order chemical potential
[Eq. (36)]. We also compared the zeroth-order approximation
to the ground-state variational approach in [10] for differ-
ent regimes of anisotropy (Fig. 6) and found that missing
kinetic energy from the zeroth order can be added by mod-
ifying d in the perturbation parameter. This suggests that d
could be an effective variational parameter in a trial wave
function.

The zeroth-order chemical potential increases with
anisotropy or interaction strength for a given D (see fip curves
in Figs. 3 and 4). For large anisotropy or interaction, higher
dimensions have lower chemical potential, which is driven
by the 2/(D + 2) D dependence in the exponent of the gen-
eral Thomas-Fermi limit [Eq. (20)]. For weak interaction, the

Thomas-Fermi contribution goes to zero and the harmonic
oscillator energy dominates, and we observe that the chemical
potential increases with increasing D, consistent with a non-
interacting harmonic oscillator. This results in the crossings
between the fip curves for different D. As D increases, the
density is squeezed and the kinetic energy increases; however,
for larger interactions, this increase in kinetic energy is coun-
teracted by the decrease in interaction energy with respect
to D in the Thomas-Fermi limit. This effect of the increase
in interaction strength or anisotropy may cause a higher-
dimensional condensate to behave like a lower-dimensional
system. More study is needed to determine whether the
dimensional crossings are physical or a mathematical arti-
fact, possibly due to the perturbation limit. The change in
behavior from decreasing to increasing chemical potential
and the crossing of fip curves could possibly be tested in
synthetic dimensions by tuning the interaction strength or
anisotropy.

These findings contribute to our understanding of how the
chemical potential and density behave in BECs with varying
dimensions, interaction strengths, vorticity, and anisotropy,
offering insights into the properties of lower- and higher-
dimensional condensates and their potential applications. In
addition to manipulating internal and external states, theoret-
ical work with double-well BECs has shown that synthetic
dimensions can be given by the number of atoms in each
well [17]. That is, the dimension is determined by the relative
number of atoms in a two-dimensional Fock space lattice.
Our analytical and numerical results for the D = 4 GPE with
vortices may have applications for synthetic dimensions based
on Fock lattices.

Future work will investigate potential applications of our
hypercylindrical vortex formalism for gravitational models
and rotating black holes. The authors in Ref. [18] explore how
curved geometry affects the structure, stability, and dynamics
of quantum vortices in atomic BECs using the GPE in cylin-
drical coordinates. The mathematical techniques developed
for curved 2D manifolds could be extended to study vor-
tices in hypercylindrical symmetry with possible analogous
gravitational models. Our DPT results involve a D — 1 hyper-
sphere embedded in D dimensions analogous to a holographic
duality mapping of spacetime in D spatial dimensions to a
boundary in D — 1 spatial dimensions. Holographic duality
from string theory involves the gravitational physics of anti—
de Sitter spacetimes in D spatial dimensions that correspond
to a large-N conformal field theory on the boundary (D — 1
spatial dimensions) at strong coupling. The focus of the cur-
rent study is general-D approximations for the GPE quantum
system; however, comparison to the results obtained through
holographic means could suggest interesting gravitational
physics.

Finally, an important future work will be to extend these
zeroth-order results to first and higher order in § using DPT
and to use d as a variational parameter. Higher-order cor-
rections will likely adjust for less accurate choices of d at
zeroth order, but a variational approach to optimize d could
provide a good A-dependent starting point for zeroth order.
Higher-order corrections in DPT typically use a harmonic
oscillator basis. Similarly, extending the zeroth-order results
using a variational approach would benefit from a harmonic
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APPENDIX A: FULL ZEROTH-ORDER LARGE-x CHEMICAL POTENTIAL
AND ENERGY APPROXIMATIONS USING HYPERGEOMETRIC FUNCTIONS

Instead of using an expansion in & to compute the normalization integral [Eq. (8)], one can solve the integral exactly, still using
the zeroth-order v approximation [Eq. (7)]. This results in a more exact normalization condition that can be solved numerically
for fi:

= V143241
4Qp_1 (2/L) l\/_|a| (m 1)D 4 4a2F([)T)2Fl(_% DT’ DT’ 1\/4‘75()
3 ap 2% (D —4r (%)

+(«/71—4a2+1)2 (2£2),F (-1, 2, 283, %Lw 2VT= 47 + DN (R)oFi (4, 252 2 i)
DT (28) (D-2)r(2¢
T 4&2F(¥)2FI(—%7T‘4;%‘;1%L{“$§)+ — VT=4 70 (282):R (-4, 3: 2% A
(D =4 (55) DI (%)
20 VTR (4 2 2l ) g
(D —2)r(2H) N (A

As before, Qp_; is the angular integral over a (D — 1) dimensional sphere, A = Z’T is the anisotropy parameter, and N is the
number of particles. Both chemical potential &t and interaction strength i, are in transverse oscillator units. The presence of
a = (D +2|m| — 3)/(4fx) comes from the definition used in Eq. (10), even though here we do not expand Eq. (Al) in &.

The hypergeometric function is represented by ,F;, which can be regularized using the I' functions in the denominators to
remove singulaxities The quantity i is the imaginary unit, but for 0 < & < 1/4 the expression in Eq. (A1) is real. Despite the

terms — and 5 in Eq. (A1), the limits at D = 0, 2, and 4 do exist.

D’D D2’

APPENDIX B: HIGHER-ORDER & = «/(41) EXPANSIONS OF THE NORMALIZATION CONDITION INTEGRAND

The normalization condition in Eq. (16) uses a second-order expansion in &, but higher-order expansions are possible. Since
the condensate density [Eq. (10)] is a function of &2, the odd terms in the & expansion of the normalization integrand in Eq. (13)
are 0. The fourth-order alpha expansion of the normalization integrand in Eq. (13) results in the normalization condition,

4Qp12p) | @D —9)(D + 13) 3atyml (52 3a2ﬁ r(2H) r(24)
- + - =
Sip | 8D-5D-3D-1 8O- 2 \d-Dr(@) -3 ()

. f( res) are) e )]:N, o)

(O—-Dr(2) »+Hr(22)  »+3)r(2)

where, as in Eq. (16), jx is the chemical potential, A = Z))T is the anisotropy parameter, iip is the interaction strength, and N is the
number of particles. The sixth-order expansion of the normalization integrand results in the normalization condition,

4Qp 1 2n)"" [ @' (D-9ND*+12D-109) &  ayar(52)
8

3ipi. 16(D =)D =5)D-3)D~1) 80 8D —7I(%2)

2

3ty r?) r%) o r) 2r (%) r(%?)
" <_(D Sr(%E) - 3>F(DT)> o ﬁ((D (%Y T o-nr(&l) o+ m(g))

reE) o ar(es) (e r(eg)
2 - - = N. B2
* ﬁ( CEI AR ) R 2 R T e (52
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Note the fourth-order [Eq. (B1)] approximation has a pole at D = 3 and so the second-order approximation is more appropriate
for D = 3. However, the fourth-order approximation has a limit for D = 5. Similarly, the sixth-order [Eq. (B2)] approximation
has poles at D = 3, 5 and a limit for D = 7. For Egs. (B1) and (B2), the D = 1 limit exists because of the I'[(D — 1)/2] in Qp_;.
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